A generalised notion of coalgebra that is capable of modelling binary methods as they occur in object-oriented programming has been introduced in [14] . An important problem with this generalisation is that bisimulations are not closed under union and that a greatest bisimulation does not exists in general. There are two possible approaches to improve this situation: First, to strengthen the definition of bisimulation, and second, to place constraints on the coalgebras (i.e., on the behaviour of the binary methods). In this paper I use both approaches to show that (under reasonable assumptions) the greatest bisimulation does exist for all coalgebras of extended polynomial functors.
However, the use of coalgebras for endofunctors to model classes (as suggested in [11] ) does not cover binary methods. The problem is that endofunctors are not sufficient to model class signatures with binary methods. The easiest solution to solve this problem is to treat binary methods as definitional extensions [6] . This way binary methods are not considered as part of the signature, but as external functions which are uniformly defined in terms of the operations in the signature.
Hennicker and Kurz suggest in [3] to formalise binary methods as algebraic extensions to coalgebraic signatures. This approach works well for those binary methods that have a codomain of Ë Ð (so the canonical example ÕÙ Ð is excluded) and whose behaviour is completely determined by the operations in the coalgebraic signature.
A rigorous solution that allows to model methods of arbitrary types has been proposed by the present author in [14] . One problem with the approach of [14] is that generalised coalgebras are not as well-behaved as coalgebras for weak-pullback preserving endofunctors. A careful investigation in [14] yields the class of extended polynomial functors (see page 5 for a definition) as a reasonable compromise between expressivity and general structural properties. Extended polynomial functors cover the preceding example (£). For coalgebras of extended polynomial functors one can show that bisimulations and invariants are closed under intersection, coalgebra morphisms are functional bisimulations, and many other standard results (again, I refer to [14] ). An important question left open in [14] is under which conditions bisimilarity as greatest bisimulation does exists for generalised coalgebras.
This omission stimulated the interest of Poll and Zwanenburg. In [10] they show that for their notion of dialgebra a greatest bisimulation does always exists. The result of Poll and Zwanenburg implies that for some coalgebras of (proper) extended polynomial functors a greatest bisimulation does exist. This in turn spurred me on, and based on ideas drawn from [10] the present paper makes the following contributions: Section 4 generalises the cited result of Poll and Zwanenburg slightly and adopts it to the framework of [14] . The main result in Section 4 is Theorem 4.6. It says that for extended cartesian functors (a proper subclass of extended polynomial functors) those bisimulations that are partial equivalence relations form a complete lattice.
Example 4.7 shows that Theorem 4.6 is sharp: It contains a coalgebra for an extended polynomial functor which has an infinitely ascending chain of bisimulations without an upper bound. The Example 4.7 is based on an undecidable function. This raises the question if Theorem 4.6 can be generalised by placing certain restrictions on the coalgebras. Section 5 presents such a restriction: finitely based coalgebras. It enables the proof of Theorem 5.7 that says (roughly) that a greatest bisimulation does exist for those coalgebras of extended polynomial functors that are finitely based.
The contents of the other sections is as follows: The following Section 2 introduces some nonstandard notation. Section 3 copies the important definitions from [14] to make this paper self contained. In particular, Section 3 defines various classes of functors and the notion of coalgebra and bisimulations. In comparison with [14] there is a small but important difference:
In this paper all functors can contain the functor Ä ×Ø Ë Ø / / Ë Ø as an ingredient functor.
(The functor Ä ×Ø builds the set of (finite) lists over its argument.)
A special feature of the present paper is that all results and examples have been -to the extend that is feasible-formalised and proved in the theorem prover PVS [9] . The source code is available in the world wide web at URL ÛÛÛØ×º Ò ºØÙß Ö × Òº » Ø Û×» Ò ÖÝ»º
In the remainder of the introduction I discuss why one should care at all about methods like (£) above. For that purpose consider a coalgebraic signature of one place buffers with two operations This section introduces some standard and some nonstandard notation for the present paper.
In the whole paper I work in the category Ë Ø of sets and total functions. I use ¢ to denote the Cartesian product with the projections The equality relation on an arbitrary set is Õ´ µ ´ µ ¾ . The union over an 2 To keep the example within reasonable size I deliberately neglect some important issues: There should be methods to chain buffers, to assign addresses to buffers, and so on.
Á-indexed set of relations´Ê µ ¾Á is given as
A relation is partially reflexive if it is reflexive on its domain, that is if Ü Ê Ý implies Ü Ê Ü and Ý Ê Ý. The functor Ä ×Ø can also be lifted to relations. The general theory is described in [4] . For a relation Ê ¢ the lifting Ê ÐÄ ×Ø´Êµ Ä ×Ø´ µ ¢ Ä ×Ø´ µ is characterised as follows:
The following lemma describes the interplay between the lifted operations and taking unions of relations.
Lemma 2.1 Let´Ë
It is easy to find examples in which the subset relations in the preceding lemma are strict.
In this paper I consider different classes of polynomial functors on the category Ë Ø of sets and total functions. These functors are called polynomial because they are inductively build up from identity, constants, (co-)products, and the exponent. I distinguish five classes of polynomial functors. The only difference between these classes is the kind of exponent that is allowed. In the following stands for an arbitrary constant set.
Cartesian Functors:
Polynomial functors:
Extended Cartesian Functors:
Extended Polynomial Functors:
Higher-order Polynomial Functors:
Cartesian Functors and polynomial functors are endofunctors Ë Ø / / Ë Ø, so they take only one argument. The other classes describe bivariant functors with a contravariant first and a covariant second argument. When used to model coalgebraic signatures the above classes place different restrictions on the method types that can be modelled. See Table 1 for examples. Higher-order polynomial functors are the most general class defined above. I do not investigate higher-order polynomial functors in this paper. However, I use them to give definitions that apply to all considered classes of functors. Extended polynomial functors restrict the domain in the clause for the exponent to polynomial functors. Extended cartesian functors require a cartesian functor for the domain. In comparison with [14] this paper explicitly allows the functor Ä ×Ø as ingredient functor. All results of [14] apply also to the more general classes of functors of this paper. The necessary proofs are in the PVS formalisation.
Class of Functors
Property Example cartesian no arguments
functional arguments with constant domain 
As a functor À preserves composition and identities, therefore the above defines the category Ó Ð ´À µ of À-coalgebras (in Ë Ø) for each higher-order polynomial functor À.
For polynomial and cartesian functors the preceding pentagon collapses to the familiar square. 
There are two approaches in the literature to define bisimulations: Either in the Aczel/Mendler style [1] or by exploiting relation lifting as suggested by Hermida and Jacobs [5] . For the scope of this paper the choice in defining bisimulations is mainly a matter of taste, because for extended polynomial functors both approaches yield identical notions of bisimulation [14] . I prefer to follow the Hermida/Jacobs approach. 
In the preceding definition the relation lifting for higher-order polynomial functors takes a contravariant and covariant argument relation. For cartesian and polynomial functors the contravariant argument is never used. For these functors I drop the contravariant argument and write Ê Ð´ µ´Êµ for their relation lifting. In the present paper I only consider bisimulations Ê ¢ on one coalgebra. Such a bisimulation Ê is called a (partial) bisimulation equivalence if Ê is a (partial) equivalence relation. Note that the preceding definition does not require such bisimulations to be reflexive or transitive (as one would expect for a decent notion of behavioural equality). For coalgebras of polynomial functors this is not a problem, because there one can proof that every bisimulation is contained in some bisimulation equivalence [13] . However, this fails as soon as binary methods are present. In this section I consider partial bisimulation equivalences. They make it possible to adopt the result about the existence of a greatest bisimulation equivalences of Poll and Zwanenburg in [10] . All the following lemmas are towards Theorem 4.6. Their interplay becomes clear in the proof of Lemma 4.5. I start the development with three simple observations that deal with side conditions below. 
Proof This lemma has been proved in PVS. The inclusion from left to right is trivial in all cases. For the other direction one has to construct suitable zigzags. For instance, for (2), let´Ý 
Proof Equation (1) and the inclusion from left to right in (2) and (3) The side conditions are discharged with the preceding lemmas.
£
The important part of the preceding proposition is the subset relation from left to right:
Assume we are given a pair´Ø Ø ¼ µ ¾ Ê Ð´Ãµ´Ë Ê µ then we can safely assume that there is a 
Lemma 4.5 Let be an extended cartesian functor and let´Ë

£
The preceding result applies to the functor ¼ Ù from Example 3.2. So if one models environments of chained buffers with association lists then a greatest bisimulation equivalence does exist for all models. The greatest bisimulation equivalence can be used, for instance, to define behavioural equality in a specification language like CCSL [12] . 
Ò Òµ
For any of the Ë Ò and two functions and the following holds: If and are Ë Ò related then is bounded precisely when is. Therefore all the Ë Ò are bisimulation equivalences. Further, any finite set of relations Ë Ò has an upper bound, which is a bisimulation for (see also Proposition 4.4 in [14] ). The least upper bound of all Ë Ò is the total relation, so there is no greatest bisimulation equivalence.
This section improves Theorem 4.6 by excluding coalgebras like the one in Example 4.7. The main idea is not very difficult. However, it is a bit technical to set things up for all extended polynomial functors. Let me therefore first discuss the proof of Theorem 4.6 and Example 4.7. This will (hopefully) give some intuition that helps to keep oriented in the following. The main idea for the generalisation of Theorem 4.6 is to give a condition that excludes those coalgebras that exploit the subset relation in (Ý) in the same way as in Example 4.7. For reasons that become clear in the following I say that a coalgebra that fulfils this condition is finitely based. The first step in the development is a better understanding of the subset relation in (Ý). conclude that the pair´ ´Üµ´ µ ´Üµ´ µµ is also contained in the right hand side of (Ý). Thus, for the hypothetical coalgebra a greatest bisimulation does exist.
To formalise the idea of the preceding paragraph for all coalgebras of extended polynomial functors I need to coin a few new notions. The set of arguments, which passes into (for a particular Ü and a particular ), is called a base. The type of bases depends on the type of the coalgebra. The function ¼ , which is used in the argument, equals when restricted to the base of ´Üµ and . The functions and ¼ are said to be equal with respect to the base . The coalgebra , which has the property, that for every Ü and every the base of ´Üµ and is a finite set, is said to be finitely based.
In the following I formalise these notions for arbitrary extended polynomial functors. In these definitions the interesting case is always the one about the exponent. The cases for (co-)products and lists are only required to lift the properties through an arbitrary functor. At the end of the development I prove that for finitely based coalgebras of extended polynomial functors a greatest bisimulation does exists. Theorem 4.4 will reappear as a corollary: The set of bases for cartesian functors will be trivial and all coalgebras for extended cartesian functors are finitely based. This condition looks a bit complicated, but all what it says is that the result of ÔÙ× ´Ü µ depends only on a finite number of addresses in . For all Ù -coalgebras that fulfil (Þ) a greatest bisimulation equivalence does exist. The condition (Þ) is not very restrictive: Every implementation of the method ÔÙ× in hard-or software makes (Þ) true.
º ÓÒÐÙ× ÓÒ
This paper presents two sufficient conditions for the existence of greatest bisimulations for coalgebraic signatures that contain arbitrary method types, including binary methods, in the framework of [14] . This generalises the results presented in [14, 10] . The first condition in Theorem 4.6 is a purely structural one: For signatures that can be modelled with extended cartesian functors partial bisimulation equivalences on the same domain form a complete lattice.
The second one in Theorem 4.6 has weaker structural requirements: the signature must fit into larger class of extended polynomial functors. But in turn coalgebras are required to be
